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At What Energy Does Gravity Unite with Grand 
Unified Theories in the Early Universe? 
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Unification of gravity with GUTs is usually expected at the Planck energy 
Epl ~ 1019 GeV. However, the vastly different values of the two couplings at Ep~ 
(acuz<< 1, agra v = 1) would make such unity (at Ep0 implausible unless there 
is a drastic change in the behavior of either gravity or GUTs around Ep~. We 
picture gravity and GUTs to be unified at energies > Ep~ with a single dimension- 
less coupling constant (at; << 1) and described by a scale-invariant action quad- 
ratic in the Weyl curvature (with Yang-Mills fields). Breaking of scale invariance 
at Ep1 then separates the interactions into gravity, now described by a Hilbert 
action with a dimensional G and GUTs woth a dimensionless tx~u T and YM 
action. Problems with Klein-Kaluza unification of gravity with GUTs are also 
discussed in this context. 

1. I N T R O D U C T I O N  

Most of the grand unif ied theories (GUTs)  involve the unif icat ion of 
weak, electromagnetic,  and  strong interact ions at energies a round  10 -3 to 
10 -4 t imes E~ ,  where Epl = ( h e S / G )  1/2~ 1019 GeV is the Planck energy. 

Thus,  the three i ndependen t  coupl ing constants  characterizing these interac- 
t ions at low energies become equal at an energy -1015 GeV (Langacker,  
1981), the interact ions be ing described by a scale- invar iant 'ac t ion quadrat ic  

in the Yang-Mi l l s  field strength. Above this unif icat ion energy (i.e., 
- 10 -4Ep l  ~ 1015 GeV) it is usual ly stated that  these three interact ions are 

characterized by a single dimensionless coupl ing constant  a~vT,  which is 
variously est imated in a mode l -dependen t  way (Llewellen Smith, 1983) as 
acvT -~ 1/40 at the unif icat ion energy, but  in any case it is << 1. Moreover,  
act:T~ is energy dependen t  and is expected to cont inue  to decrease 
logari thmical ly with increasing energies (i.e., in accordance with asymptot ic  
f reedom typical of  non -abe l i an  gauge theories with the coupl ing constant  
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tending to zero at very large energies E).  Thus, at Planck energies, one 
would expect that aGuv would be less than 1/40 and closer to 1/100. 
However, in the meantime, in totally contrasting behavior, the gravitational 
coupling constant (agrav = GE2/he 5) continues to rise with increasing energy 
as E 2. At the GUT unification energy of -1015 GeV, C%rav is only --10 -8, 
as compared to acv- r~  1/40. But at the Planck energy it rises to agrav ~ 1, 
i.e., it becomes much higher now than a c v - c  ~- 10 -2, which continues to 
decrease. 

It is also usually supposed that at the Planck energy (where C%rav ~ 1), 
gravity gets unified with the other three interaction, i.e., with GUTs (Ellis, 
1983). However, if they are indeed unified at Epj, one would expect both 
gravity and GUTs to be characterized by a single dimensionless coupling 
constant at Ep~. But as noted above, if the gravity and GUT coupling 
constants continue to behave in an opposite manner with respect to rising 
energy between the GUT unification energy and Ep~, they would have vastly 
different values at the Planck energy. 

So how does one achieve unification of  gravity and GUTs at Ep~ in 
such a paradoxical situation, unless there is some drastic discontinuity in 
either the GUT or gravity interaction at or around E = Ep~? 

The GUT interaction (incorporating the strong and electroweak forces) 
is described at high energies by the YM field with scale-invariant actions 
quadratic in the fields with dimensionless coupling constants tending to zero 
at highest energies. Analogously, one would expect gravity at very high 
energies (like those occurring in the early universe) to be also described by 
a scale-invariant gauge theory with an action quadratic in the curvature 
and with a dimensionless coupling constant. The Hilbert action R/16~rG 
is linear in the curvature, has a dimensional constant G, and is not scale- 
invariant [i.e., under the transformation g ~  ~ A2g~, where A is a function 
of the position A = A (x)], but is only invariant under the group of general 
coordinate transformations (GCT). It describes gravity well at low energies 
(i.e., large distances), but its dimensional coupling constant causes its bad 
behavior at high energies (the cross sections for quantum gravitational 
processes becoming singular at large E).  This is analogous to weak interac- 
tions at low energies being described by the dimensional Fermi constant 
GF, which again causes singular behavior at large energies. But the Fermi 
interaction is only an effective low-energy interaction, the weak interaction 
at high energies (> 102 GeV) being characterized by a dimensionless coup- 
ling constant, identical with the electromagnetic constant above these 
energies, resulting in electroweak unification. A similar situation can be 
expected for gravity, the Hilbert action with a dimensional G being the 
effective low-energy counterpart of a unified theory of gravity and other 
interactions above Ep~. 
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2. UNIFICATION OF GRAVITY WITH GUTS 

We suppose that the unification occurs not at Ep1, but at energies higher 
than Epi when both gravity and GUTs are described by a single dimensionless 
coupling constant au  (which is << 1) and a quadratic action that is both 
scale- and GCT-invariant. Then at E = Ep~ (i.e., as the universe expands), 
the scale invariance is broken (Sivaram, 1986a), inducing the Hilbert term 
(linear in R) and an induced dimensional gravitational constant, which is 
strong ( - 1 )  at Ep6 the interactions separate out into gravity and GUTs 
characterized by differently behaved (with respect to energy) coupling 
constants at energies E < Ep1. 

An appropriate action for the unified description of gravity and  GUTs 
at energies above Epi with a single dimensionless au  is given by 

ff 1/2 2 1 a a a c d 4 x ( - g )  ( W  -zF .~F.~)  (1) 

where W is the Weyl curvature scalar, related to th6 Riemann scalar R by 

W = R - 6(A".. - A'A~)  

and A is the Weyl four-vector, gauge transforming as A~ ~ A~ + A. ,  where 
A is the scale parameter. The index a in the Yang-Mills field strength F 
can take values depending on the groups and multiplets considered. The 
above action is both scale- and GCT-invariant. We note that only an action 
quadratic in the curvature (field strength) would have a dimensionless 
coupling constant, ruling out use of other powers of the curvature (Sivaram, 
1986a,b). For the action (1), we have the variational principle: 

0=c~u j [W2t~(-g)l/2+2W6W(-g)l/2+t~(Fa~Fa~(-g)l/2)] d4x (2) 

varying g.~. A .  independently. To break the scale invariance, we incorporate 
a characteristic scale (energy or length) at E = Ep,. where we can set 

W = Apl, Ap1 ~ E~I 

Then the variational principle given by (2) becomes 

2Apl F ~ F  -�89 (_g)1/2 d4x =0 (3) 

Now substituting the relation connecting W and R as given earlier and 
using the transformations 

A~ = (Ap,)-1/2A~. F;~ = (ApI) '/2F~v 

we have 

f (_g)1/2 d4x [ K R + "  ,;:,. ~ ,o~ ~ , , -6u-r--.~-- -Ap , (~+6A.A . ) ]=O (4) 
3 
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Here K is a dimensional constant, which is related to Api (K~ 1) and 
aGU-r and is now introduced into the action as a multiplier of the Hilbert 
term brought into the action by the breaking of the scale invariance at 
E = Epi , with of course an induced cosmological constant term ~Ap~ and 
mass terms for the gauge fields. Thus, below Planck energies, gravity and 
GUTs separate out, the GUT interaction being now characterized by a 
dimensionless aGVT coupling constant and the Yang-Mills part of  the action, 
which is still scale-invariant. 

The gravitational interaction is now described by the Hilbert term with 
a dimensional coupling K that is large at the Planck energy, i.e., as 
GE~/hc-1. This is analogous to the strong interaction being described 
by a coupling constant - 1  (i.e., becoming strong) at energies around the 
QCD scale-breaking parameter AQCD (with an effective chiral-invariant 
action describing the strong interaction at low energies) when the pion 
bound states form from fundamental quark fields (i.e., the interaction 
becoming strong with coupling ~1 at AQCD leads to quark confinement). 
At high energies, the strong interactions are described by scale-invariant 
QCD action with coupling << 1 decreasing with rising energy (Politzer, 1973). 
Analogously, we note that ate, the single dimensionless constant for both 
GUTs and gravity at energies above Epl , is much less than one and decreases 
with energy. 

After the scale breaking at Ep1 , C~GU T continues to be << 1 and changes 
slowly with energy, while gravity below Epl has a dimensional constant 
G - ( 1 6 ~ r K )  -1. At EcuT ~ 10-4Epl the GUT interaction further splits into 
strong and electroweak interactions with different dimensionless couplings, 
while the gravitational interaction coupling now decreases with decreasing 
energy as E 2. 

The large induced cosmological term Apl in equations (3) and (4) can 
cause an exponential expansion epoch for the early universe (Sivaram, 
1986a), i.e., create a deSitter inflationary phase with negative pressure, just 
after the Planck epoch. It may be noted that the ground state of many 
supergravity models that have GUT unification just below Planck energies 
is an anti-deSitter space characterized by a large negative cosmological 
constant of  the same magnitude, i.e., - A p I .  This could cancel out the induced 
Ap~ once the exponential expansion sets in and supersymmetry multiplets 
manifest out of the vacuum. 

3. P R O B L E M S  W I T H  KLEIN-KALUZA UNIFICATION OF 
GRAVITY WITH GUTS 

Another paradoxical situation regarding the coupling constants of 
gravity and GUTs arises in the Ktein-Kaluza (KK) type of unification, 
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where the action for pure gravity in D > 4 space-time dimensions, 

1/167rGo f d ~  ( g ( ~  

becomes, after the process of  dimensional reduction, the action for gravity 
coupled to a gauge theory in four dimensions, 

1/167rG4 f d4x (g(a))l/2( R(4)--'~A ~-- !tz'a 12,acxu .~,l x]  4 a / , ~ ,  Jt 

In particular, in five-dimensional KK, we can identify the fifth component  
of  the canonical momentum pS conjugated to the fifth coordinate x s with 
electric charge Q as pS=  c(16~rG)i//:Q. Alternatively, x s and Q can be 
regarded as two dynamical operators satisfying the quantum commutat ion 
[x s, Q] = ih, which gives the extension of the R s coordinate for a funda- 
mental electric charge e as 

R 5 - h~/-G/ec (5) 
Similarly, to relate electroweak coupling constants to the geometry of some 
internal space, we can choose 3-dimensional Taub space as the internal 
space with metric ds 2 = - d t 2 +  3 Y.a= 1 r2a(Sa) 2, two of the principal radii of  
curvature ra being equal (rl = r2~ r3). The S ~ are basis 1-forms on the 
3-sphere. The isometry group of Taub space is S U ( 2 ) x  U(1), i.e., the 
electroweak gauge group. I f  g, g '  are the coupling constants of the gauge 
fields of SU(2) and U(1), we can obtain the relations 

h~/-G[ l + l  l r2 \ ' / 2q l / e  
= 3 1 

r, t~12- ) J cg L 3 
2 h 2 g, r 3 G 

= c 2 g,2, - - =  tan 0w (6) 
r l  g 

Thus, the non-Abelian gauge coupling constants are inversely proportional 
to the "average size" of  the internal space. Generally, the radius of  compac- 
tification Rc of internal space is 

Rc ~ ( h /  c)x/-G/ g ~- cr (7) 

where Rp~ = (hG/c3)  1/2 is the Planck length. Thus, for the K K  Unification 
of gravity with GUTs, the size of the compactified internal space is 

Rc ~- a-1/2D Gc'r~-Pj or Rvl/ Rc "~ ~ 1/2 - o u t  (8) 

We have aGU-r<< 1. For example, for the SO(14) gauge group, a~UT = 1/16 
and for supersymmetric GUTs,  aCUT = 1/24. Thus, the unification does not 
occur at Rpl (where a s = 1) (corresponding to Ew), but at R~, corresponding 
to an energy Ec ~ hc/R~ at which aGUX-~ ag ....  For SUSY GUTs, the energy 
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at which the coupling constants of  gravity and of GUTs are equal is 
- 2  x 1018 GeV, corresponding to Ec ~ 0.2Epi. Now, in cosmological models 
with extra dimensions (i.e., 4 + d ) ,  while the four space-time dimensions 
are expanding, the d extra space dimensions [d = 7  to accommodate  
S U ( 3 ) x S U ( 2 ) x  U(1)] are contracting (i.e., getting compactified) 
(Appelquist  and Chodas, 1983). 

Now, contraction of  internal space would suggest from equations 
(6)-(8) that the coupling constant aGUT should increase with decreasing Rc 
or increasing energy Ec. This would be contrary to asymptotic freedom in 
unified gauge theories, where aGUT decreases with increasing energy. One 
way to understand this contradiction is to suppose that after the unification 
takes place at Ec=0.2Epl  the single coupling constant describing both 
gravity and GUTs now increases with energy (i.e., with decreasing radius 
of  compactification) rising up to - 1  at Ep~. 

It must be observed in this context that the unified coupling constant 
in K K  compactification is a dimensional gravitational constant Go in D 
dimensions, which would consequently make the coupling rise with energy 
(--ED-2).  At the classical level, the D-dimensional  and 4-dimensional 
gravitational constants are related by G4 = GD/RN~QN, N = D - 4 ,  where 
f~N is the volume of the compactified unit N-sphere.  One finds for SO(14) 
that Re~ G 1/2~ = 21. But the identification of G4 with the Planck length is 
only valid classically, and quantum corrections would make G4 different 
from G. 

Again, if there are very many heavy particles with masses between 
MGUT and Mp~, their effect on the G U T  renormalization group equations 
can be so large as to reverse the normal asyumptotic freedom trend for 
O/GUT to decrease with increasing energy and instaead to make O/GUT increase 
as the energy scale increases, so that O/GU T ~ O / g r a v  ~ 1 at Epl where unification 
occurs. A particular model where a very large number  of  scalar fields is 
required for consistent K K  unification is available (Candelas and Weinberg, 
1984). Here the K K  Lagrangian is coupled to n massless scalar fields in 
D = N + 4 dimensions. It turns out that the gauge coupling g is then related 
to N, Re, and n, and to get a reasonable value for g (aGUT~'g2/hC) it turns 
out that n is very large, i.e., > 10 4. The presence of so many scalar particles 
may reverse the trend for a ~ u r  to decrease with rising energy, so that beyond 
Ec, both gravity and GUTs are described by a single coupling constant 
rising with energy. 
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